Abstract. Classical Hopf manifolds are compact complex manifolds whose universal covering is C d {0}. We investigate the tropical analogues of Hopf manifolds, and relate their geometry to tropical contracting germs. To do this we develop a procedure called monomialization which transforms non-degenerate tropical germs into morphisms, up to tropical modification. A link is provided between tropical Hopf manifolds and the analytification of Hopf manifolds over a non-archimedean field. We conclude by computing the tropical Picard group and (p, q)-homology groups.
Introduction
This paper deals with a tropical analogue of the classical construction of Hopf manifolds. In complex geometry, Hopf manifolds are defined by the property that their universal covering space is C d {0}. Equivalently, they are obtained as a quotient of C d {0} by a free and properly discontinuous action of a group G. When the group G is infinite cyclic, the resulting Hopf manifold is called primary. In this case G is generated by a contracting automorphism f ∶ C d → C d fixing the origin. A complex primary Hopf manifold of dimension n is diffeomorphic to S 2n−1 × S 1 . All Hopf manifolds are finite quotients of primary Hopf manifolds.
The construction of (primary) Hopf manifolds is local, meaning up to biholomorphism the variety X(f ) associated to a contracting automorphism fixing the origin f ∶ (C d , 0) → (C d , 0) depends only on the conjugacy class of the germ of f at the origin. Hence the classification of primary Hopf manifolds coincides with the classification of germs of contracting automorphisms of (C d , 0). This type of classification is known as Poincaré-Dulac normal forms, see [Ste57, RR88, Ber06] . These normal forms allow a detailed study of the dynamical features of contracting automorphisms, and also the geometry of Hopf manifolds.
Hopf manifolds are among the easiest examples of non-Kähler (hence not projective algebraic) compact manifolds. For this and other reasons, analogous constructions have been studied in rigid geometry, see [Vos91] .
Here we consider a natural construction for tropical Hopf manifolds. Denote by T = R ∪ {∞} the tropical semi-field with min-plus conventions. To simplify notation, ∞ is also used to denote (∞, . . . , ∞) ∈ T n . The first example of a tropical Hopf manifold, is the quotient of T d {∞} by the translation τ a ∶ (T d , ∞) → (T d , ∞) by a vector a, with strictly positive entries. Then for a neighborhood U of ∞ we have τ a (U ) is strictly contained in U . This case will be referred to as diagonal tropical Hopf manifolds. Monomial Hopf manifolds are quotients of T d {∞} by a contracting automorphism
A contracting automorphism F ∶ T n → T n is the extension of an integer affine map R n → R n which is a permutation of coordinates composed with a translation, such that F (U ) ⊂ U for any neighborhood U of ∞.
More generally a tropical Hopf data is a pair (X, F ) where X ⊆ T n is a neighborhood of ∞ of a tropical subvariety obtained from T d via a tropical modification, (we call X a germ of a tropical subvariety) and F ∶ T n → T n is a contracting automorphism of T n such that F (X) ⊂ X. A tropical Hopf data (X, F ) produces a tropical Hopf manifold S(X, F ) by considering the quotient of X {∞} by the action of F . If the two modifications π and η coincide, and F is a contracting automorphism, then (X, F ) is a (virtually regular) Hopf manifold (see Example 3.33). However, in general it is not possible to choose modifications π and η so that they coincide. In this case we obtain the following result. If f is contracting and the sequence of modifications is finite, then the data given by Theorem C gives rise to a tropical Hopf manifold. If it is not the case, we can still consider the quotient of (a pointed neighborhood of ∞ of) W (∞) by the action of h (∞) , obtaining what we call a non-compact tropical Hopf manifold.
In dimension 2, we give a classification of contracting germs f ∶ T 2 → T 2 for which the monomialization procedure from Theorem B produces a tropical Hopf data of dimension 2.
As mentioned above, Hopf surfaces have been considered also over non-archimedean fields. In order to make a connection between these surfaces and the tropical surfaces, we begin by looking for realizations of the Hopf data (X, F ). Let K be an algebraically closed field, and ν 0 a non-trivial valuation on K. As an example, consider K = C⟨t⟩ the field of Puiseux series over the complex numbers, and ν 0 the t-adic valuation. We denote by A n the affine space of dimension n over the field K.
A realization of (X, F ) is a pair (X, F) such that (a) X is the image of an embedding i ∶ (A d , 0) → (A n , 0); (b) F ∶ (A n , 0) → (A n , 0) is a contracting automorphism satisfying F(X) = X; (c) Trop(X) = X and Trop(F) = F ; in this case we say that (X, F ) is realizable by (X, F), see Definition 4.3. It turns out that realizations of compact tropical Hopf manifolds do not exist except in very special cases. For example, we prove the following in dimension 2.
Theorem D. Let (X, F ) be data for a tropical Hopf surface where X ⊂ T n is not homeomorphic to T 2 and F ∶ T n → T n is a contracting automorphism. Suppose (X, F ) is realizable by a Hopf surface defined over K by a germ f defined over K. Then f is conjugate to (x, y) ↦ (αx, βy) where ν 0 (α), ν 0 (β) > 0 and α k = β l for some k, l ∈ N * .
A topological classification of the compact 2-dimensional tropical Hopf data which are realizable is given in Theorem 4.7.
In dimension 2, we can also go in the other direction, meaning from any analytic Hopf data to a tropical one. Starting from a germ f ∶ (A d , 0) → (A d , 0) we consider a sequence of embeddings i k ∶ (A d , 0) → (A n k , 0). In general, it may be that none of these embeddings are invariant under a monomial map on A n k which induces f . The next theorem gives a way to go from the analytic Hopf surfaces to tropical ones even in the non-compact case.
Theorem E. Let K be a non-trivially valued algebraically closed field, and f ∶ (A 2 K , 0) → (A 2 K , 0) a germ of a contracting automorphism. Denote by X(f ) the analytic Hopf surface associated to f . Then X(f ) retracts to a tropical Hopf surface, which is non-compact if f is a resonant germ. an (see [GRW15] ). To prove the above theorem, we first construct a possibly non-compact tropical Hopf surface as a limit of the tropicalizations of an infinite sequence of embeddings. Then we combine the two results above and take the dynamics into account.
Lastly, we consider both the tropical Picard and (p, q)-homology groups of diagonal tropical Hopf manifolds. These invariants are analogous to the classical situation, in the sense described below.
Theorem F. Let S be a diagonal tropical Hopf manifold, then Pic(S) ≅ T * . Moreover, every tropical line bundle on S has a section.
However, it turns out every line bundle on a tropical Hopf manifold always has a section. This is not the case for classical Hopf manifolds [Dab82, Theorem 3.1] Upon computing the (p, q)-homology groups of diagonal tropical Hopf manifolds we see that their ranks are the same as the ranks of the Dolbeault cohomology of a Hopf manifold, [Ise60, Theorem 4(c) ]. Therefore, we obtain a simple counter-example to Conjecture 5.3 from [MZ14] which says that H p,q (X) ≅ H q,p (X) for a tropical manifold X.
The paper is organized as follows. In Section 1, we give some basics on tropical geometry. Section 2 deals with the construction of tropical Hopf manifolds in the compact case, proving Theorem A. In Section 3 we provide a connection between tropical germs and tropical Hopf varieties, and prove the monomialization results Theorem B and Theorem C. We specialize the situation at dimension 2 giving an explicit classification of tropical germs which can be lifted to automorphisms. In Section 4 we study the link between tropical and analytic Hopf varieties, proving Theorem D and Theorem 4.23. Finally in Section 5 we compute some geometrical invariants for tropical Hopf manifolds.
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1. Basics
Tropical algebra.
The tropical semi-field is T = R ∪ {∞} equipped with two operations: addition and minimum, which is denoted x ∧ y ∶= min{x, y}. This is isomorphic to the max-plus algebra R ∪ {−∞} via the map x ↦ −x. Here we use the minimum convention because we work with fields with a non-archimedean valuation.
A tropical polynomial function P ∶ T n → T is defined using the above operations,
where ∆ is a finite subset of N n , and ⟨,⟩ denotes the standard inner product on R n extended to T n with the usual conventions. These are concave piecewise integer affine functions. Let K be a field equipped with a non-archimedean valuation ν 0 . In the rest of the paper, we will consider the following examples.
• K = C((t)) the field of Laurent series over C, endowed with the t-adic valuation ν 0 defined by ν 0 (t) = 1.
• Its algebraic closure K = C⟨t⟩ the field of Puiseux series over C.
• The completion of C⟨t⟩ with respect to the t-adic valuation (which turns out to be also algebraically closed).
• Let k be any algebraically closed field endowed with the trivial valuation. We consider K = k((t R )) (resp., K = k((t Q ))) the field of transfinite series over k with real (resp., rational) exponents (sometimes also called Hahn series). They are generalized series of the form ∑ k∈R a k t k , where a k ∈ k, and the set {k ∈ R a k ≠ 0} is well ordered (see [Tei08,  Section 2] and references therein).
Notice that, up to taking a field extension, we may always assume that the value group of ν 0 is R.
Given P ∈ K[x 1 , . . . , x n ], we define its tropicalization P = Trop(P) ∈ T[x 1 , . . . , x n ] as follows :
1.2. Tropical varieties. The space T = (−∞, +∞] is equipped with the topology whose open sets are generated by the euclidean topology on R and the sets of the form (a, +∞] with a ∈ R. The tropical affine space of dimension n is denoted by T n , and we use simply ∞ to denote the point (∞, . . . , ∞). The space T n is stratified in the following way: a point x ∈ T n is of sedentarity I ⊆ {1, . . . , n} if x i = ∞ if and only if i ∈ I. The subset of points of T n of sedentarity I, is denoted R n I and can be identified with R n− I . Denote the closure of R n I in T n by T n I . Introductions to tropical varieties in R n can be found in [MS15] or [Mik06] and tropical varieties in T n in [BIMS15] . Here we will use tropical stable intersection with linear spaces to define a notion of non-singular tropical subvariety in T n (see [Mik06] , [MS15] ). Let V ⊂ T n be a tropical variety and L a tropical linear space of complementary dimension and empty sedentarity. For a point x of empty sedentarity let w x (V ⋅ L) denote the weight of the point x in the tropical stable intersection of V and L. Also define the total intersection number to be
In what follows, we say a linear space in A n is generic if upon compactifying A n to KP n the closure of the linear space intersects all intersections of coordinate hyperplanes in the expected dimension. Similarly, a generic linear space through 0 in A n if upon compactifying A n to KP n the closure of the linear space intersects all intersections of coordinate hyperplanes in the expected dimension, with the exception of 0 ∈ A n ⊂ KP n .
Definition 1.2. Let V ⊂ T n be a tropical variety of sedentarity ∅ of codimension k and x ∈ V a point of sedentarity ∅. Let L x ⊂ T n be the tropicalization of a generic hyperplane in A n with vertex at x and L k x denote the kth self-intersection. Define the local degree at x to be deg
where L ⊂ T n is the tropicalization of a generic hyperplane in A n and L ∞ ⊂ T n is the tropicalization of a generic hyperplane in A n passing through 0.
. . , n} and it is also non-singular at ∞ and all points of empty sedentarity. Remark 1.3. The condition for V ⊂ T n to be tropically non-singular implies that the weights on its top dimensional faces are 1, but this is far from being sufficient. In fact, a tropical variety V ⊂ T n is non-singular at a point x of sedentarity ∅ if there exists a neighborhood U of x in V which coincides with a neighborhood of a tropical linear space up to the action of an element of GL n (Z).
Example 1.4. It is not clear how to properly define the notion of local degree at points of sedentarity ∅ ⊊ I ⊊ [n]. One suggestion is to take the minimum of the intersection multiplicities with linear spaces intersecting the tropical variety at that point. But this definition is inadequate.
Take for example V ⊂ T 3 to be the union of two affine planes V 1 , V 2 defined by x 1 = 0 and x 2 = x 3 respectively. These are two (non-generic) tropical linear spaces, hence at any point x ∈ V i we ought to have deg Vi (x) = 1. But then at the point (0, ∞, ∞) ∈ V 1 ∩ V 2 the local degree deg V (x) = 2, however the minimum positive weight of x in the stable intersection of V with a linear space can be seen to be 1.
1.3. Tropicalization of affine varieties. Let A n be the n dimensional affine space of a field K equipped with a non-archimedean valuation ν 0 . Let ν 0 ∶ A n → T n also denote the coordinate-wise valuation map, with ν 0 (0) = ∞. Given a subvariety V ⊂ A n , the set ν 0 (V) can be equipped with the structure of a finite rational polyhedral complex of real dimension dim(V) and it can be equipped with weights on the top dimensional facets making it a tropical variety in the above sense, see [MS15] or Definition 1.6 below.
The weight of a top dimensional face is given by the multiplicity of the tropicalization (Definition 1.5) at any point x in the relative interior of the top dimensional face. This multiplicity can be described as follows. Let I ⊂ K[x] be the defining ideal of V where x = (x 1 , . . . , x n ). For any point x ∈ ν 0 (V) ∩ R n one can associate a so-called initial ideal of I at x, denoted In x (I), (see [MS15, Chapter 3.4]). If x has sedentarity I then In
In particular, if I is an ideal contained in ⟨x i , i ∈ I⟩, then for any x of sedentarity containing I, we have In x (I) = 0. Definition 1.5. Let V ⊂ A n be a subvariety and let x ∈ ν 0 (V) ⊂ T n be of sedentarity I. Suppose V = V(I) is defined by some ideal I. The multiplicity of the tropicalization at x, denoted m V (x), is the number of irreducible components of the special fiber of the variety in (K * ) n− I defined by In x (I) ⊂ K[x ± j j ∉ I] counted with multiplicity. In particular, if the initial ideal at x is zero then m V (x) = 1. We can finally define the tropicalization of an affine variety. Definition 1.6. Given a subvariety V ⊂ A n , its tropicalization Trop(V) ⊂ T n , is the set ν 0 (V) with the weight of a top dimensional face E given by m V (x) for x in the interior of E.
The weighted rational polyhedral complex Trop(V) satisfies the balancing condition, therefore it is a tropical subvariety of T n . However, not every tropical variety is obtained in this way. Determining which ones are is known as the "realizability" or "approximation" problem, and has been studied in various cases such as, tropical curves in R n [Spe14] , tropical linear spaces [Spe08] and curves in tropical surfaces, see [BK12] , [BS15] .
For V ⊂ A n , if Trop(V) is non-singular as described in Definition 1.2, then m V (F ) = 1 for each top dimensional face of Trop(V). The next proposition states that the same is true for the multiplicity of faces of Trop(V) of higher codimension as well. Proposition 1.7. Let V ⊂ A n be a tropical subvariety and suppose that Trop(V) is non-singular at x a point of empty sedentarity, then
Proof. Let I be the defining ideal of V and suppose that Trop(V) is non-singular at a point x ∈ T n of sedentarity ∅. Let V x ⊂ (K * ) n− I be the variety defined by the initial ideal In
is a fan tropical variety and a neighborhood of x ∈ Trop(V) coincides, as a weighted fan, up to translation with a neighborhood of the origin of the fan Trop(V x ). Since Trop(V) is non-singular at x, by Remark 1.3, it coincides with weights with a tropical linear space up to some integer affine map φ. Therefore, the initial ideal In x (I) is defined by degree one equations in the monomials x α1 , . . . , x α n for some α k ∈ Z n . The integer vectors α 1 , . . . , α n together with the standard basis vectors e i for i ∈ I form a Z n basis. Up to the coordinate change given by φ this ideal is a linear ideal in x 1 , . . . , x n . Therefore, the initial ideal at x has exactly one component counted with multiplicity and m V (x) = 1. This proves the first part of the proposition.
For the second part, by the assumption that V is non-singular, it intersects R n I properly for all I ≠ {1, . . . , n}. In this case, if a point x of sedentarity I is contained in the relative interior of a face A of V , then there is a unique face A ∅ of sedentarity ∅ of V such that A = A ∅ ∩ T n I . Let x ∅ be a point in the relative interior of A ∅ . Then the initial ideal of x is given by specializing the initial ideal of the point x ∅ by setting x i = 0 for all i ∈ I. Since by above In x∅ (I) is a linear ideal, it follows that x has multiplicity 1 as well. If V contains ∞ the multiplicity of the initial ideal at ∞ is 1 by convention. Thus the proposition is proved.
Given an affine variety X over K, a tropicalization depends on the choice of embedding to A n . Because of this we sometimes refine our previous notation to make the embedding explicit. Definition 1.8. Let i ∶ X → A n be an affine embedding. The tropicalization of X with respect to i is the polyhedral complex 
If an integral affine map F ∶ R n → R m extends to T n → T m means that F preserves the sedentarity of the points in T n in the sense that s(x) ≤ s(f (x)). In particular, if n = m and f is invertible and linear then f must be a permutation of the standard basis vectors e 1 , . . . , e n composed with a translation.
Notice that tropical polynomial maps are not in general morphisms of tropical varieties. The image of a tropical variety under a tropical polynomial map may not satisfy the balancing condition. Our proposed solution to this is a monomialization procedure (see Section 3.3), relying on tropical modifications. 1.5. Tropical modifications. Tropical modifications were first introduced in [Mik06] , another introduction can be found in [BIMS15] . Given a tropical subvariety V ⊂ T n and a tropical polynomial function P ∶ T n → T, a regular tropical modification is a map π P ∶Ṽ → V , wherẽ V ⊂ T n+1 is a tropical variety to be described below and π P is simply the linear projection of T n+1 → T n with kernel generated by e n+1 . To obtain the tropical varietyṼ , start with the graph Γ P (V ) of the function P restricted to V . The graph inherits weights on its facets from V . However, in general, the graph is not a tropical variety; it may not be balanced in the e n+1 direction since P is only piecewise integer affine. At every codimension 1 face of Γ P (V ) which fails to satisfy the balancing condition, add a new top dimensional face containing the e n+1 direction, equipped with the unique positive integer weight so that the balancing condition is now satisfied. The divisor of the function P restricted to V , div V (P ) ⊂ V , is the image under π P of these newly added faces equipped with the weights they were assigned inṼ . Definition 1.9. Given a tropical variety V ⊂ T n and a tropical polynomial function P ∶ T n → T, the map π P ∶Ṽ → V where π P andṼ are described above is the regular modification of V along the function P . The divisor div V (P ) ⊂ V is a tropical variety, of codimension 1 in V , whose support is the points of V where the map π P ∶Ṽ → V is not 1 − 1. The weight function on the facets of div V (P ) is induced from the weights ofṼ .
We denote by Exc(π P ) = π −1 P (div V (P )) the exceptional locus of π P , which is the locus where π P is not 1-to-1; and by St(π P ) = Γ P the strict transform of π P , which can be seen also as the closure ofṼ Exc(π P ) in T n+1 .
Given two divisors div V (P 1 ) and div
. In terms of polyhedral complexes div V (P 1 +P 2 ) is supported on the union of div V (P 1 ) and div V (P 2 ) with refinements and addition of weight functions where necessary.
Tropical division corresponds to usual subtraction, so a tropical rational function is the difference of two tropical polynomial functions, P = P 1 − P 2 . The divisor of a rational function is a tropical cycle defined as div V (P ) = div V (P 1 ) − div V (P 2 ). As a cycle div V (P ) may be effective even if P 1 − P 2 does not coincide with a tropical polynomial. In this case, we can again define the modification of V along the rational function P , see [Sha13, Example 2.28]. These will be referred to as rational tropical modifications.
Notice that π P is 1 − 1 outside of the exceptional locus Exc(π P ), and the divisor div V (P ) determines the polyhedral complexṼ ⊂ T n+1 up to translation in the e n+1 direction. Therefore it is common to say that we consider the modification along the divisor div V (P ). In general, we refer to a modification as any composition of regular or rational modifications, and to a regular modification as the composition of modifications along tropical polynomial functions.
A modification of a tropical variety should be thought of as taking the graph of a function restricted to a tropical variety. In the tropical world this operation changes the topology of the space, although the modification is still related to the original space via a retraction map. A concrete relation between tropical modifications along regular functions and graphs of functions restricted to varieties over K is given by the next proposition.
n be the tropicalization of a variety V ⊂ A n and P ∶ T n → T be a tropical polynomial. Denote by π ∶Ṽ → V the regular modification along the function P V . Then for a generic choice of polynomial P ∈ K[x 1 , . . . , x n ] such that Trop(P) = P we have that Trop(Γ P V ) =Ṽ , where Γ P V ⊂ A n+1 denotes the graph of the restriction of P to V.
Proof. Consider the cylinder V ′ over V in A n+1 , in other words V ′ it is defined by the same ideal as V but considered over K[x 1 , . . . , x n+1 ] instead of the polynomial ring in only n variables. Now take a function P ∈ K[x 1 , . . . , x n ] tropicalizing to P , and consider the hypersurface V xn+1−P ⊂ A n+1 . It is clear that the graph of U. For hypersurfaces V P this boils down to making a change of coefficients of P so that we still obtain the same tropical hypersurface. Thus the cycleṼ which is the result of the modification π is the tropicalization of the graph Γ P V for a generic P tropicalizing to P .
By repeatedly applying the above proposition we have the following:
Corollary 1.11. For a generic choice of functions P 1 , . . . , P r ∈ K[x 1 , . . . , x n ] tropicalizing to tropical polynomial functions P 1 , . . . , P r ∶ T n → T respectively, let Γ P n A ⊂ A n+r denote the graph of A n along the r functions P k , k = 1, . . . , r. Then Trop(Γ P A n ) =Ṽ where π ∶Ṽ → T n is the composition of the regular modifications along the functions P 1 , . . . , P r .
The above corollary will be used when we consider the monomialization of tropical germs (a) For every α, the set V α is a d-dimensional tropical variety in T Nα ; (b) For any α, β, the overlapping map ψ
, a continuous extension of an integer affine linear map R Nα → R N β ). Moreover, the weights of V α and V β must agree on the overlaps; (c) X is of finite type, i.e., there exists a finite covering (W k ) of X, subordinate to the covering (U α ) (i.e., for any k there exists α such that
The tropical space X is non-singular, and sometimes called a tropical manifold, if the ddimensional tropical models V α in condition (a) are non-singular. Remark 1.13. In Section 3.5, we consider "non-compact" Hopf manifolds, which are tropical manifolds in a weaker sense. In particular, they admit atlases that do not satisfy the finite-type condition (c) of Definition 1.12, but a local finite-type condition, where the covering (W k ) is only required to be locally finite.
Tropical Hopf manifolds
This section defines tropical analogues of the classical construction of Hopf manifolds, introduced in [Hop48] . See also [BHPVdV04, Section V.18] for Hopf surfaces, and [Ise60, Kat79] for Hopf manifolds in higher dimensions.
2.1. Monomial case. As a first example, consider the following construction. Let
be a linear (invertible) monomial map, i.e., a map of the form
where σ is a permutation of {1, . . . , d} and a j ∈ R. Denote by s the order of σ. Assume that F is contracting, meaning that for any neighborhood U of ∞ ∈ T d there exists a neighborhood V ⊆ U such that F (V ) ⋐ V (i.e., f (V ) is relatively compact inside V , or equivalently F (V ) ⊂ V ). In this case, F is contracting if and only if
One can check that the s-th iterate of F has the form
) the field of transfinite series with real exponents, endowed with the t-adic valuation ν 0 and norm
K be the affine space over K. Notice that a map F as above is the tropicalization of a linear monomial map
where ν 0 (α i ) = a i . The map F is diagonalizable and moreover, α s k 0 = ∏ s h=1 α σ h (k) 0 < 1 implies that the eigenvalues of F all satisfy λ 0 < 1, which is the usual condition to be a contracting map.
We now construct a fundamental domain for the action of
Such a line is easily found by tropicalizing an eigenvector of F. Namely, the line L is of the form, 
. This translation gives rise to a tropical diagonal Hopf data (T 2 , G), depicted in Figure 1A . The quotient of T 2 by this action is diffeomorphic to a compact cylinder.
Consider now the map F (x 1 , x 2 ) = (x 2 + 3, x 1 − 1). It is obtained as the composition of a translation by the vector (−1, 3) followed by the map (x 1 , x 2 ) ↦ (x 2 , x 1 ). The tropical monomial Hopf data (T 2 , F ) is depicted in Figure 1B . The quotient of T 2 by this action is diffeomorphic to a compact Möbius band.
Notice that if we iterate F two times, we get F 2 (x 1 , x 2 ) = (x 1 +2, x 2 +2), which is a contracting diagonal map. It follows that the diagonal Hopf surface S(T 2 , F 2 ) is a 2-to-1 covering of the Hopf surface S(T 2 , F ), see Figure 1C .
2.2. General case. We now generalize the construction above, by starting with a non-singular germ of a tropical subvariety X of T n which is invariant under the action of a monomial map
Recall the definition of non-singular tropical varieties from Section 1.2. By a nonsingular germ of a tropical subvariety, we mean the intersection of a tropical subvariety V ⊂ T n with a sufficiently small neighborhood of ∞ in which V is non-singular.
The tropical Hopf manifolds we construct are all submanifolds of tropical monomial Hopf manifolds. In complex geometry, every Hopf manifold appears as a submanifold of a primary Hopf manifold (see [Kat79, Proposition 1]). Definition 2.3. A tropical Hopf data is a couple (X, F ) where X ⊆ T n is a non-singular germ of a tropical variety obtained from a modification Definition 2.4. Let (X, F ) be a tropical Hopf data, and W the fundamental domain for F ∶ T n → T n constructed as in Subsection 2.1. Then W ∩ X is a fundamental domain for F X , and the tropical Hopf manifold S(X, F ) associated to (X, F ) is the quotient of W ∩ X by the action of F X .
Remark 2.5. In the classical setting, one can consider contracting germs f ∶ (X, 0) → (X, 0) at a normal isolated singularity (X, 0). The existence of such a dynamical data gives restrictions on the geometry of the singularity. Indeed, in dimension 2 it has been proved in [FR14] that a normal surface singularity (X, 0) admitting a contracting automorphism is quasi-homogeneous. Up to finite quotients, quasi-homogeneous surface singularities are obtained by contracting the zerosection of a negative degree line bundle over a curve E. The induced "singular Hopf manifold" associated to such dynamical data can be a Hopf surface, a Kodaira surface, or of Kodaira dimension 1 according to the genus of E (see [Kat78] , [BHPVdV04, Section V.5]).
The tropical constructions in this section can also be easily generalized to this singular setting. If needed in the following, we shall refer to regular tropical Hopf data as the ones as described by Definition 2.3, and to singular tropical Hopf data as a couple (X, F ) as in Definition 2.3, but without the assumption of non-singularity of X.
Moreover, sometimes the tropicalization X of a variety X is not non-singular even if X is non-singular. The singularity of the tropicalization is given by a "bad" choice of the embedding defining it (see [CM14] for techniques to avoid this problem for planar curves). We refer to the case when a tropically singular X in Definition 2.3 comes from the tropicalization of an embedding as the virtually regular case (see Example 3.33).
Example 2.6. Consider the non-singular tropical surface X ⊂ T n consisting of a single 1-dimensional face which is the line a(1, . . . , 1) ∈ T n , and n faces of dimension 2 equipped with weight 1. These faces are defined by
The set X is invariant under translations by (1, . . . , 1).
Consider the linear monomial map
where a ∈ (0, ∞) and σ is a permutation of {1, . . . , n}. Then
, and F is a contracting contracting linear monomial map. A fundamental domain for F X is given by
The tropical Hopf surface associated to (X, F ) is given by taking the quotient of W (or of X {∞}) by the action of F .
Notice that F s ∶ X → X is just a translation by s(a, . . . , a). Therefore the tropical Hopf surface above is a quotient of (X {∞}) ⟨F s ⟩, which is a tropical modification of a standard diagonal Hopf surface in the following sense.
Definition 2.7. Let (X, F ) and (X,F ) be tropical Hopf data such thatX ⊂ T d+k , X ⊂ T d and π ∶X → X is a tropical modification. If π ○F = F ○ π, then (X,F ) is called a modification of the Hopf data (X, F ). Proof. Let (X, F ) be any tropical Hopf data. By definition, F = σ ○ τ , where τ is a translation and σ is a permutation. If s is the order of σ, then F s is a translation. Notice that the tropical Hopf manifold S(X, F s ) covers s-to-1 the manifold S(X, F ). Hence up to finite quotients we can assume that F is simply a translation. Recall there is a modification π ∶ X → T d , given by the definition of the tropical Hopf data. Then by Definition 2.7, the Hopf data
2.3. Explicit construction. In this section we give an explicit construction of (possibly singular) tropical Hopf data (X, F ). In particular, we describe the geometry of the total spaces X that arise in the Hopf data.
n be a vector of strictly positive entries. We say that V is a cone along
Remark 2.11. Firstly, notice that if V is a cone along w, it will be a cone along kw for any k > 0. Secondly, notice that a tropical variety V could be a cone along different directions. A trivial example is given by V = T n , then T n is a cone along any direction w. The non-uniqueness of the cone directions implies that V contains a linearity space of dimension ≥ 2. However when the linearity space is 1-dimensional then by the rationality of V , we can assume up to taking a scalar multiple of w, that it is a primitive vector of strictly positive integer entries.
Notice that if V is a cone along the weight w, then the map F (x) = x + λw with λ > 0 defines a contracting map which leaves X invariant, so that (V, F ) is a (singular) Hopf data. The next proposition also implies that, up to replacing F by an iterate, all Hopf data are of this form. Together Propositions 2.12 and 2.9 complete the proof of Theorem A.
Proposition 2.12. Let (X, F ) be a (singular) Hopf data, then X is a neighborhood of a cone tropical variety V .
Proof. If (X, F ) is a possibly singular tropical Hopf data then X ⊂ T n is a neighborhood of ∞ of a d-dimensional tropical variety V and F = σ ○ τ , where σ is a permutation of the coordinates (x 1 , . . . , x n ) of T n and τ is a translation by a vector a = (a 1 , . . . , a n ) ∈ R n . Let s be the order of σ, then F s is a translation by a vector w = (w 1 , . . . , w n ), where
Since F is contracting, we infer w k > 0 for all k. It follows that for any p ∈ X, the point p h ∶= p + hw ∈ X for any h ∈ N. Since X has a finite number of faces, it follows that there exists m > 0 such that the points {p mh } belong to the same face E of X. It follows that p + λw ∈ E ⊂ X for all λ ∈ (0, ∞]. Then X is a neighborhood of a tropical variety V which is a cone along w given by allowing λ ∈ T n .
It follows from Proposition 2.12, that if X is the germ of a cone tropical variety V and (X, F ) is a tropical Hopf data then the map F is also a global automorphism of V . Therefore throughout we assume that X is a tropical variety in T n not just a germ and that F acts on X by automorphism.
Remark 2.13. Let X ⊆ T n be a cone along w ∈ (N * ) n a primitive vector with positive integer entries. We may consider the equivalence relation ∼ w on T n {∞} defined by
Quotienting by this equivalence relation we get
w . The latter space is the tropical analogue of the weighted projective space
Classically, weighted projective spaces are endowed with a natural orbifold structure. They are compactifications of A n−1 whenever min{w i } = 1. As in the complex setting, the tropical weighted projective space is not a smooth tropical manifold. It is rather endowed with a "tropical orbifold structure" (which have been introduced to study moduli spaces of tropical curves, see e.g. [ACP] ). In this case, the orbifold structure is a generalization of Definition 1.12, where the overlapping maps are rational linear maps, i.e. in GL n (Q), instead of integer ones.
The action Remark 2.14. Let (X, F ) be a regular Hopf data. By Proposition 2.12, the tropical variety X is a cone along some direction w. Consider the space T = P w (X) as described in Remark 2.13.
In dimension d = 2, the quotient T is a tree. The metric on T d induces (not in a canonical way) a metric on T , which allows to distinguish between bounded and unbounded edges (called sometimes leaves).
Analogous statements can be derived in any dimension d ≥ 3. In this case T is a complex of dimension d − 1, homotopic to a point.
Tropical Hopf manifolds and contracting germs
In this section we relate the geometry of tropical Hopf manifolds with the dynamical features of tropical germs.
Definition 3.2. A formal power series ϕ ∈ T x is convergent at ∞ if there exists a neighborhood U of ∞ such that ϕ U is determined by a finite number of tropical monomials. We say that φ is convergent on U . is convergent, since ϕ 1 (x) = a + x on {x > −a}. In particular, as a germ, ϕ 1 coincides with the translation by a.
Analogously, ϕ 2 (x) = ⋀ n≥1 (− log n + nx) is convergent. Indeed, for all m > n, we have that − log m + mx > − log n + nx if and only if x > log m−log n m−n . Since this quantity is bounded away from ∞, we infer that ϕ 2 is convergent.
On the other hand,
Hence ϕ 3 (x) → −∞ for all x ∈ R, and ϕ 3 is not convergent. 
In this case all formal germs tropicalizing to ϕ are convergent.
Proof. Denote by ν 0 the valuation in K, and by ⋅ 0 = e −ν0(⋅) the norm associated to ν 0 . Since ⋅ is a non-archimedean norm, φ = I φ I x I is convergent if and only if there exists a real number
is a multi-index and
Notice that in this case the convergence radius r of the formal power series φ at 0 satisfies r ≥ α.
Suppose ϕ is the tropicalization of a convergent germ φ, satisfying the above condition. Then in the region {x ∈ T d x j ≥ a for j = 1, . . . , d}, where a = −log(α), the germ ϕ is given by a finite collection of monomials. To obtain the converse, it suffices to remark that the convergence condition for φ depends only on the values ϕ I = ν 0 (φ I ).
When working over a valued field, typically analytic germs are classified up to change of coordinates. Depending on the type of regularity desired for the change of coordinates, there are several classifications of this kind that can be found in the literature (see [Mil06] and references therein for dynamics in 1 complex variable, [Ste57, RR88, Ber06] for contracting automorphisms, [HP94, Fav00, BEK12, Rug13] for superattracting germs, [Aba01, AT05] for tangent to the identity germs, and [HY83, Lin04, Rug15, JS09] for non-archimedean dynamics).
Over the tropical semi-field T, the only change of coordinates that act as automorphisms on a neighborhood of ∞ ∈ T d are permutations of coordinates composed with a translation. On the other hand, not all tropical monomials contribute to the value of a tropical germ in a suitably small neighborhood if ∞, giving us a non-trivial equivalence relation on tropical germs. In the following, we are interested in the behavior of tropical maps
Definition 3.5. We refer to tropical germs as equivalence classes of convergent tropical maps
, where we say that f and g are equivalent if for any U, V where f and g are convergent, there exists a neighborhood
Before stating a precise result, we need to fix some standard notation.
. In other words, I ≼ J if and only if J − I ∈ N d . We set
Notice that ≼ defines a partial order on N d . It naturally extends to a partial order on R The Newton polyhedron N (ϕ) of ϕ is defined as the convex hull
The Newton diagram, denoted ∆N (ϕ), consists of the compact faces of the Newton polyhedron. We finally set VN (ϕ) as the (finite) set ∆N (ϕ) ∩ M(ϕ).
Example 3.8. Consider the polynomial
where a ∈ R (see Figure 2 ). In this case M(ϕ) = {(5, 1), (3, 2), (1, 3), (4, 2), (4, 5)}, corresponding to the points in red, blue and green in the picture. For I = (4, 5), the set P(I) is highlighted in blue, while N (ϕ) is highlighted in red. The segment between (5, 1) and (1, 3) highlighted in red is ∆N (ϕ), while VN (ϕ) = {(5, 1), (3, 2), (1, 3)}.
Notice that the points in ∆N (ϕ) are the points of N (ϕ) which are minimal with respect to the order defined by ≼.
Proposition 3.9. Let x = (x 1 , . . . , x d ) be coordinates in T d , and let
be a convergent power series. Then there exists a neighborhood U of ∞ ∈ T d such that
when restricted to U .
Proof. Since ϕ is convergent, there is a neighborhood U of ∞ in which ϕ is determined by just a finite number of monomials. Therefore, we may assume ϕ is a tropical polynomial. The tropical hypersurface V ϕ = div(ϕ) ⊂ T d defined by ϕ is a finite rational polyhedral complex of dimension d − 1, it is dual to the regular subdivision S(ϕ) of the Newton polytope of ϕ induced by its coefficients. The connected components of the complement of V ϕ are in bijection with the integer points in the dual subdivision S(ϕ). On a connected component of the complement, ϕ is an integer affine function corresponding to a single monomial of ϕ.
In addition, we can choose a neighborhoodŨ of ∞ such that the only connected components of the complement which intersectŨ correspond to monomials which are in the Newton diagram ∆N (ϕ). Therefore, onŨ the function ϕ coincides withφ from the statement of the proposition.
Example 3.10. Consider again ϕ defined by (1), see Example 3.8. Proposition 3.9 says that there exists a neighborhood U of ∞ where ϕ coincides with
The monomials that appear in the normal form are drawn in red and green in Figure 2 .
The red points are the corner locus of ∆N (ϕ), and for any neighborhood U of ∞ there always exists a point x ∈ U where the minimum in ϕ is attained only in the monomials corresponding to one of these points.
The green point is the point in ∆N (ϕ) which is not a corner. In this case, the monomial associated may not matter in the neighborhood of ∞, depending of its coefficient. In this case, notice (for x j ≥ 0) that:
Hence, if a ≥ 0, we can erase this monomial and ϕ coincides with (x 1 , x 2 ) ↦ (5x 1 +x 2 )∧(x 1 +3x 2 ), while if a < 0, we cannot erase this monomial: for (x 1 , x 2 ) = (r, 2r) we get 5x 1 + x 2 = x 1 + 3x 2 = 7r > a + 7r = a + 3x 1 + 2x 2 , and (r, 2r) → ∞ when r → +∞.
As a direct consequence of Proposition 3.9, we get
wheref k is a tropical polynomial with monomials whose exponents are in VN (f k ).
Properties of tropical and analytic germs. A tropical polynomial function
describes the behavior of a generic algebraic map f ∶ A d → A c tropicalizing to it. The same holds for tropical germs. In some cases, if a property holds for a generic map (resp., germ) tropicalizing to ϕ then it holds for all maps (resp., germs) tropicalizing to it. For example, by Proposition 3.4 if a tropical germ is convergent then every analytic germ tropicalizing to it is convergent. Another example of this is the contracting property for germs, see Proposition 3.24.
Other times, we need to consider generic lifts. For example, let f, g ∶ (
. To prove this, it suffices to consider the case where g ∶ (T d , ∞) → (T, ∞). Take f and g so that Trop(f ) = f and Trop(g) = g. Then the coefficients of g ○ f are some power series φ I on the coefficients of g and f . For a generic choice of g and f , the valuation of such coefficients is constant, given by the minimum of the valuations of the monomials in φ I .
For specific choices of g and f , we may have cancellations, and Trop(g ○ f ) ≠ g ○ f , as the following example shows.
while the equality holds for α ≠ 1.
We now introduce a few properties for tropical germs, and compare them to their analytic counterparts.
• f is weakly non-degenerate if there exists a (formal) invertible germ f ∶ (
These two conditions depend only on the linear part of a germ f , as shown below. For a reference on determinants and singularity of tropical matrices, see [Izh09] .
Definition 3.14. Let A = (a i,j ) ∈ M d (T) be a d × d matrix with entries in T. We recall that the tropical determinant of A is given by the expression
We say that
• A is weakly non-degenerate if det T (A) ≠ ∞.
Of course, if a map is non-degenerate it is also weakly non-degenerate. The definitions of non-degenerate and weakly non-degenerate given for germs and linear maps are coherent, as the following proposition states.
Then f is nondegenerate (resp., weakly non-degenerate) if and only if its linear part is. 
) which is invertible, the same property holds for a generic lift. Indeed, the vanishing of the determinant of the linear part of a germ f is a codimension 1 condition in the space of germs tropicalizing to f .
We will also need the following definition.
is positive (resp., negative). Otherwise, its sign is undetermined.
is weakly non-degenerate, but not non-degenerate. Indeed, its linear part is 0 0 0 0 , and the tropical determinant expression det T (f ) = (0 + 0) ∧ (0 + 0) attains its minimum in two monomials. Another way to see it is that its lift
is not weakly non-degenerate. Indeed, any lift f ∶ (A 2 , 0) → (A 2 , 0) is of the form
2 ), which is not invertible for any choice of α, β, γ, δ (whose evaluations by ν 0 equal 0).
Notice that the linear part (x 1 , x 1 ) of f , denoted by A, has determinant det T (A) = ∞.
On the one hand, we have seen that the condition for a tropical germ f to be weakly nondegenerate corresponds to the fact that a generic lift f of f is invertible. On the other hand, a weakly non-degenerate germ may not be invertible as a map on the tropical space. Nevertheless we can define formal inverses of a tropical germ f , by taking the tropicalization of the inverse f −1 of lifts f of f .
Notice that formal tropical inverses need not be unique, while the canonical formal inverse is, since the tropicalizations of the inverse of a generic map f tropicalizing to f coincide.
Moreover, a tropical germ Of course, the above conditions on the matrix A of a linear map to have a unique formal inverse are stricter than the non-degeneracy condition (see Example 3.31), with the exception of dimension 2. In this case they coincide.
Remark 3.22. For a tropical linear map f ∶ T 2 → T 2 the canonical formal inverse from Definition 3.20 is actually a pseudo-inverse in the sense of semi-groups. This means that f ○ g ○ f = f and g ○ f ○ g = g.
We end this section by describing contracting germs. Proof. Let f be a tropical convergent germ, and f any analytic germ tropicalizing to f . First notice that if f is a generic lift of f , then ν 0 ○ f (x) = f ○ ν 0 (x) for all x ∈ A d close to ∞. The equivalence between (a) and (c) easily follows.
Notice that (d) implies (c). The value ν 0 ○ f (x) is constant for a generic choice of f , and could increase for special f . It follows that if f is contracting, then every lift f of f is contracting, and (a), (c), (d) are all equivalent.
Tropical eigenvalues are the corner locus of the tropical characteristic polynomial P A (λ) of A, which is defined as the tropical determinant A ∧ λI, see [ABG06] , [CG83] .
We have that P A is the tropicalization of the characteristic polynomial P A for a generic lift A of A, or equivalently for the linear part of a generic lift f of f . Moreover, tropical eigenvalues of A correspond to the valuation of eigenvalues of a generic choice of A. This gives the equivalence between (b) and (c).
, we can consider the induced local dynamical system. When f is contracting, forward orbits are defined in a whole neighborhood of ∞, since there is a base of neighborhood U of ∞ so that f n (U ) ⊂ U for all n ∈ N. This corresponds to the analogous property for any (generic) lift f of f . Notice that backward orbits are not necessarily defined everywhere, unless f is the tropicalization of a global
3.3. Tropical monomialization of weakly invertible germs. In this section, we consider how to lift a weakly invertible tropical germ f ∶ T d → T d to an isomorphism by passing to other models of the tropical affine space. In other words, we seek modifications 
Consider the modification π ∶ X → T 2 along x 1 = x 2 . Then X ⊂ T 3 is an instance of Example 2.6 (with η = π). The linear monomial map F (x 1 , x 2 , u) = (u, x 2 , x 1 ) leaves X invariant, and satisfies π ○ F = f ○ π on the strict transform St(π) ⊂ X.
In general, it is not possible to find a modification π ∶ X → T d as above satisfying F (X) = X. Nevertheless, we can find two different modifications
The modifications π and η given by Theorem B are along x 2 = x 1 + b 1 − b 2 and y 2 = y 1 + b 1 − a 1 respectively. Figure 3 shows the dynamics of f on T 2 , and the dynamics defined by the monomialization F ∶ X → Y . Notice how the image of the modified line (in red) differs from the projection by η of the image by F of its lift (the red-shaded area).
Proof of Theorem B. Given a tropical germ
, by Proposition 3.9 we may assume that, in a neighborhood U of ∞, it is given by d tropical polynomials which we call f 1 , . . . , f d . Consider the sequence of regular modifications π i ∶ X i → X i−1 where X 0 = T d and π i is the modification along the function f i , considered as a function T d+i−1 → T which is constant
on all but the first d variables. The space X ⊂ T 2d that results from this sequence of regular modifications is a balanced tropical cycle containing the strict transform St(π).
Denote by (x, y) the coordinates on T 2d , and consider the monomial map F (x, y) = (y, x). We claim that in a suitable neighborhood U of ∞, the tropical cycle Y ∶= F (X) is obtained from
By Corollary 1.11 we may find an invertible germ
, defined in some neighborhood U of 0, satisfying f = Trop(f ) and Trop(Γ f ) = X. Set g = f −1 , and F ∶ A 2d → A 2d defined by F(x, y) = (y, x). Then on U we have
Notice that the tropicalization of (id, f ) is just the map (id, f ) ∶ x ↦ (x, f (x)), which by construction satisfies π ○ (id, f ) = id. Moreover, the restriction of π ∶ X → T d to X Exc(π) is invertible, and its inverse coincides with (id, f ). Upon tropicalizing the situation, and we get
. By continuity, this relation extends to St(π). Again by Corollary 1.11, the modification η must also be along the functions g i = Trop(g i ), and the theorem is proved.
Example 3.29. Consider the germ
where p, q ∈ N satisfy pq ≥ 2. We shall show that this germ admits a monomialization locally at ∞, but not a global monomialization. This is because there are no global automorphisms f ∶ A 2 → A 2 tropicalizing to f . We modify along the lines given by f 1 and f 2 , obtaining a modification π ∶ X → T 2 . Then the strict transform of π is given by
The canonical formal inverse of f is given by
Let η ∶ Y → T 2 be the modification along g 1 , g 2 . The strict transform of η is given by
We give a name to all facets of St(π) and St(η):
These are the facets of St(π) and St(η). We denote by A +0 the facets in X that contains A ++ ∩A +− , and analogously for A −0 , A 0+ , A 0− . Finally, we denote by A 00 the last facet of X, generated by the directions along u 1 and u 2 . We use analogous notations for the facets in Y (see Figure 4) .
. This is the intersection point of the lines along which π is a modification of
The image of facets in π −1 (C) is depicted in Figure 4 . By construction, we have η ○ F = f ○ π on St(π). We claim that
On A +− we have (y 1 , y 2 , v 1 , v 2 ) = F (x 1 , x 2 , x 1 + 1, qx 1 ) = (x 1 + 1, qx 1 , x 1 , x 2 ). In particular y 2 = qy 1 − q and v 1 + 1 = y 1 . Moreover, qx 1 ≤ x 2 + 1 implies y 2 ≤ v 2 + 1. Finally, py 2 − p ≥ y 1 ⇔ pqx 1 − p ≥ x 1 + 1, which holds if and only if (x 1 , x 2 ) ∈ C. It follows that F (A +− ∩ π −1 (C)) = B +0 , and analogously we get F (A −+ ∩ π −1 (C)) = B 0+ . On A +0 we have (y 1 , y 2 , v 1 , v 2 ) = F (x 1 , qx 1 − 1, x 1 + 1, u 2 ) = (x 1 + 1, u 2 , x 1 , qx 1 − 1). It is easy to check that F (A +0 ) ⊂ B +− in this case. We may argue analogously for A 0+ , and we are done.
As stated above, the monomialization holds only on the preimage π −1 (C), and in fact globally F (X) is not contained in Y . Sometimes the monomialization procedure may not be unique for less trivial reasons as well. We say a collection of tropical divisors of functions f 1 , . . . , f k intersects properly in
for all subsets I ⊂ {1, . . . , d}. If the divisors of f do not intersect properly, then there is more freedom in choosing a monomialization than in the example above. Suppose we have just two functions f 1 , f 2 , and let f 1 , f 2 denote their tropicalizations. Let π 1 ∶ X 1 → T d be the modification along the function f 1 . We then have Trop(Γ f1 ) = X 1 . To carry out the next modification π 2 ∶ X 2 → X 1 so that X 2 is the tropicalization of the graph along both functions, we would need to know the image of the tropicalization of (id × f 1 ) {f2=0} in X 1 . In general, this tropical subvariety may not be the divisor of a tropical polynomial function, but of a rational function. Here the valuation ν 0 of all non-zero coefficients of the right matrix are 0 except for a which has valuation −1. The matrices represent linear maps f and f of T 3 and A 3 respectively. Moreover, A is non-degenerate, since its tropical determinant is −1 which is obtained by only 1 monomial of the expression. The divisors of f 2 = x 1 ∧ x 2 and f 3 = x 1 ∧ x 2 ∧ x 3 do not intersect transversally, so the tropicalization of the graph of f cannot be determined from just f . This amounts to the fact that the inverse of A contains the expression be − dc in one of the entries and for appropriate choices of coefficients we can obtain ν 0 (be − dc) > 0.
Hopf manifolds and contracting germs.
Here we are interested in the case when the above monomialization procedure produces an automorphism. This means that given a contracting germ f ∶ T d → T d , the monomialization procedure provides a modification π ∶ X → T d and an automorphism F ∶ T 2d → T 2d satisfying π ○ F = f ○ π on the strict transform St(π) and such that F (X) = X. By Remark 3.30 we have some freedom to translate X ⊂ T 2d and adjust the maps accordingly. We infer the following criterium on f to get an automorphism by Theorem B. 
Proof. The proof follows by the proof of Theorem B, and from the fact that the condition div(ϕ) = div(ψ) is equivalent to ϕ = ψ + b for some constant b ∈ R. Figure 5 . Section of the monomializations for f = (x 1 ∧ 2x 2 ∧ 2x 3 , x 2 , x 3 ).
Even if the monomialization procedure produces an automorphism as outlined in the above proposition, we may still not obtain a non-singular tropical Hopf data from a germ f ∶ T d → T Example 3.33. Consider the tropicalization of the germ f (x 1 , x 2 , x 3 ) = (x 1 + x 2 2 − x 2 3 , x 2 , x 3 ). The tropical divisor of the function f 1 = x 1 ∧ 2x 2 ∧ 2x 3 has 3 faces:
The face F 1 must be equipped with weight 2, the others are of weight 1. The only codimension 1 face of div(f 1 ) is given by x 1 = 2x 2 = 2x 3 . Let π ∶ X → T 3 be the modification along f 1 . Then X will also have a face of weight 2 (depicted in blue in Figure 5 ), and thus X is not the germ of a non-singular tropical variety.
Recall that by Proposition 1.10, X is the tropicalization of the graph of
It can be calculated thatX ∶= Trop(i(A 3 )) ⊂ T 5 consists of 10 faces of dimension 3 all of which are of weight 1. Moreover, by Theorem B we can lift f to an automorphism F ∶ X → X and also to an automorphismF ∶X →X, whose action is described in Figure 5 (some intersections between faces in the picture associated toX do not exist; they are only apparent due to the drop of dimension in the drawing).
Notice that a formal inverse of f is again f . In this case f is not contracting, but it suffices to post-compose f with the translation by (1, 1, 1) to get a contracting germ with the same properties.
Hopf manifolds and tropical germs in dimension 2. In dimension two, the study of weakly nondegenerate germs is simpler, due to the explicit normal forms that we may deduce from Proposition 3.9.
Proposition 3.34. Any weakly non-degenerate germ f ∶ (T 2 , ∞) → (T 2 , ∞) can be written (in a suitably small neighborhood U of ∞) in the form
with a 1 , a 2 , b 1 , b 2 ∈ R, p 1 , p 2 , q 1 , q 2 ∈ N * ∪ {+∞}, and
The linear part of f is represented by L = a 1 + δ 1 p1
, where δ Proof. Since f is weakly non-degenerate, its linear part L needs to be weakly non-degenerate, meaning that either (1, 0) ∈ VN (f 1 ) and (0, 1) ∈ VN (f 2 ), or (1, 0) ∈ VN (f 2 ) and (0, 1) ∈ VN (f 1 ).
Consider the first case (the second is completely analogous). We have that ∆N (f 1 ) is either the point (1, 0), or a segment with endpoints (1, 0) and (0, p 2 ), with p 2 ≥ 1. It follows that either VN (f 1 ) = {(1, 0)} or VN (f 1 ) = {(1, 0), (0, p 2 )}. Analogously, either VN (f 2 ) = {(0, 1)} or VN (f 2 ) = {(0, 1), (q 1 , 0)}. By Proposition 3.9 we conclude.
The normal forms given above can also be stated in a more explicit way.
Corollary 3.35. Any weakly non-degenerate germ f ∶ (T 2 , ∞) → (T 2 , ∞) belongs to one of the following classes. The linear case: when p 1 , p 2 , q 1 , q 2 ∈ {1, ∞}. In this case we can just write The positive non-linear case: where p 1 = q 2 = 1 and p 2 and q 1 are not both in {1, ∞}. In this case we have
whose linear part L is triangular. In particular tr T (L) = a 1 ∧ b 2 and det T (L) = (a 1 + b 2 ), and f is contracting if and only if a 1 , b 2 > 0. The negative non-linear case: where p 2 = q 1 = 1 and p 1 and q 2 are not both in {1, ∞}. In this case we have
whose linear part L is anti-triangular (at least 1 of the two elements in the diagonal is ∞). In particular tr T (L) = (a 1 + δ 
Moreover, g is the unique formal inverse of f if and only if f is non-degenerate (i.e., if and only if a 1 + b 2 ≠ a 2 + b 1 ).
The positive non-linear case: f is given as in Corollary 3.35 by (5). Then f has a unique formal inverse g given by
The negative non-linear case: f is given as in Corollary 3.35 by (6). Then f has a unique formal inverse g given by
Proof. In order to have a non-unique formal inverse, the divisors of the function must intersect non-properly in a neighborhood of ∞. In dimension 2, this means that the divisors of f 1 and f 2 must coincide, which only happens in the linear case when the matrix of A is weakly nondegenerate but not non-degenerate, i.e. a 1 + b 2 = a 2 + b 1 . The formal inverses are found directly, by taking a generic realization f of f , computing its inverse g, and tropicalizing to obtain g = Trop(g).
Corollary 3.37. Let f ∶ (T 2 , ∞) → (T 2 , ∞) be a weakly non-degenerate contracting germ. Then the monomialization procedure applied to f produces a dynamical system if and only if f is of the form
, with either: (a) p 2 , q 1 ∈ {1, ∞} (i.e., f is linear), and either a 2 = b 1 = ∞ (f is diagonal), or a 1 = b 2 ∈ T; (b) p 2 = ∞, q 1 ∈ N * {1}, and b 2 = q 1 a 1 ; (c) q 1 = ∞, p 2 ∈ N * {1}, and a 1 = q 2 b 2 .
Proof. To prove the above statement we compare the divisors of f i and g i , i = 1, 2, where f = (f 1 , f 2 ) is given in its normal form in Corollary 3.35, and g = (g 1 , g 2 ) is the canonical formal inverse of f as given by Proposition 3.36.
For the linear case, we deduce that the statement is equivalent to having {a 2 − a 1 , b 2 − b 1 } = {a 2 − b 2 , a 1 − b 1 }. If a 2 = b 1 = ∞, the condition is clearly satisfied. Assume not both a 2 and b 1 are infinity. Then the condition is satisfied if and only if a 1 = b 2 .
Suppose f is in the positive non-linear case, as in (5). In the case p 2 = ∞, we have
where g = f −1 is the canonical formal inverse of f . The tropical modifications π and η given by the monomialization Theorem B are obtained in this case along the tropical divisors supported on the affine lines
Since a 1 , b 1 , b 2 ≠ ∞, we deduce that π and η coincide if and only if b 2 = q 1 a 1 , and we get case (b). The case q 1 = ∞ is completely analogous, and gives case (c).
Assume that both p 2 and q 1 are different from ∞, and not both are equal to 1. In this case one can check that the tropical modifications π and η given by the monomialization Theorem B are obtained respectively along the lines:
These divisors correspond (in the sense of Proposition 3.32) if and only if a 1 = p 2 b 2 and b 2 = q 1 a 1 . Hence a 1 = p 2 q 1 a 1 . Since p 2 q 1 ≥ 2, this implies that either a 1 = 0 or a 1 = ∞, in contradiction with the fact that f is contracting and non-degenerate, see Corollary 3.35.
Suppose finally that f is in the negative non-linear case, as in (6). As before, one can check that the tropical modifications π and η given by the monomialization Theorem B are obtained respectively along the lines:
where we do not perform the modification along the line containing p 1 in its equation if p 1 = ∞, and analogously for q 2 , while they cannot both be ∞. It follows that these divisors correspond if and only if p 1 = q 2 ∈ N * {1}, and (q 2 − 1)a 2 = b 2 − a 1 = −(p 1 − 1)b 1 . It follows that a 2 + b 1 = 0, contradicting that f is contracting.
In the cases of Corollary 3.37, the modifications X, Y of T 2 can be chosen to be equal so X = Y and then monomialization of the tropical polynomial function f ∶ T 2 → T 2 acts as an automorphism F ∶ X → X. Therefore, the monomializations of these tropical polynomial functions produce Hopf data of dimension two as described in Definition 1.11. There remain cases when the modifications π and η do not coincide. In order to "monomialize" these germs in a dynamical way, an infinite number of modifications are necessary. This is postponed until Section 3.5.
Hopf manifolds and tropical germs in higher dimensions. Our aim is to describe an analogue of Corollary 3.37 in higher dimensions. By the characterization of Hopf manifolds given in Proposition 2.12, the description of normal forms given by Proposition 3.9, plus the characterization of weakly non-degenerate matrices given by Definition 3.14, we infer the following.
be a contracting weakly nondegenerate germ. Assume the monomialization procedure described in Theorem B induces a dynamical system F ∶ X → X, where X is a modification of If by contradiction there exists i ∈ {1, . . . , d} so that e i ∈ ⋃ d j=1 VN (f j ), then the i-th column of the linear part A of f would be (∞, . . . , ∞). It follows that det T (A) = ∞, which is a contradiction since f is weakly non-degenerate.
Remark 3.39. Proposition 3.38 does not hold without the contracting assumption, not even in dimension d = 2. As an example, consider the germ f (x 1 , x 2 ) = (x 1 ∧p 2 x 2 , q 1 x 1 ∧x 2 ), with p 2 , q 1 ∈ N and p 2 q 1 ≥ 2. The linear part of f is 0 ∞ ∞ 0 , hence f is not contracting. By Proposition 3.36, the canonical formal inverse of f is f −1 = f . It follows that the monomialization procedure of Theorem B induces a dynamical system F ∶ X → X, in a neighborhood of ∞ but the conclusions of Proposition 3.38 do not hold for f , since we modified along two non-parallel lines {x 1 = p 2 x 2 } and {x 2 = q 1 x 1 }.
As we have already seen in dimension 2 by Corollary 3.37, the conditions given by Proposition 3.38 are not sufficient to guarantee we have a Hopf data defined by the monomialization process. In higher dimensions, explicit necessary and sufficient conditions are very complicated to formulate, as suggested by the following examples. 
with a, b ∈ T. By direct computation, its tropical inverse is given by
It follows that the monomialization of f defines a dynamical system if and only if a ≤ b.
, and ⋅ 0 = e −ν0(⋅) the induced norm on K. Up to conjugacy, we may assume that f is in Poincaré-Dulac normal form (see [Ste57, RR88, Ber06] ):
The polynomials P j have only resonant monomials: a monomial
The tropicalization of f is of the form
The resonance condition says that a monomial
Denote byf j ∶ (T j , ∞) → (T j , ∞) the map given by the first j coordinates of f . A calculation shows that the canonical formal inverse of f is given by
Denote by g 1 , . . . , g d the coordinate functions of g = f −1 . By induction, one can show that
As an example, consider the case d = 3, and λ 3 = λ 2 = 2λ 1 . We denote λ = λ 1 . Then we have
Hence we get that div(f j ) = div(g j ) for j = 1, 2, while div(f 3 ) = div(g 3 ) if and only if ε 0 ≤ ε+ε 1 −2λ.
Example 3.42. Let f ∶ (T 3 , ∞) → (T 3 , ∞) be a contracting weakly non-degenerate germ of the form
Here a, b + c, e > 0, ∆ ∶= 2a ∧ (b + c) ∈ (0, ∞), and u ∈ N * .
The canonical formal inverse g = f −1 of f is given by
We deduce that div(f j ) = div(g j ) for j = 1, 2 (it also follows from Corollary 3.37), while div(f 3 ) = div(g 3 ) if and only if
For example, if cu + ε 2 ≤ au + ε 1 and bu + ε 1 ≤ au + ε 2 , then cu − au + ε 2 ≤ ε 1 ≤ au − bu + ε 2 , and ∆ = b + c. In this case the condition (7) 3.5. Non-compact tropical Hopf manifolds. In the previous subsections we have seen how, starting from a contracting germ f ∶ (
, we can construct in a canonical way its monomialization. In fact, Theorem B provides two modifications π ∶ X → T d and η ∶ Y → T d , and an isomorphism F ∶ T 2d → T 2d which is an isomorphism restricted to suitable neighborhoods of X and Y at ∞ which lifts f in the sense that η ○ F = f ○ π on the strict transform St(π). When the two modifications coincide (up to translation by a scalar), we say that this data is a "dynamical monomialization" of f , we get a tropical Hopf manifold.
If the two modifications π and η do not coincide, we can sometimes still find a dynamical monomialization of f , by performing an infinite (countable) number of monomialization. As the proof of Theorem B suggests, to do this we need f to be obtained as the tropicalization of a global automorphism of A d (which is contracting at ∞). As the next example shows, the latter condition is not invariant up to equivalence of tropical germs.
Example 3.43. We have seen that the tropical germ f ∶ (T 2 , ∞) → (T 2 , ∞) considered in Example 3.29 is not the tropicalization of a global automorphism. Nevertheless, f is equivalent tof
which is the tropicalization of a global automorphismf ∶ A 2 → A 2 . In fact,f can be taken as the composition H 2 ○ H 1 of the two Hénon maps (see [FM89] ):
. We now describe the strategy to prove Theorem C. Assume we are in the situation described above. To obtain a tropical Hopf data in the sense of Definition 2.3 we wish to find a modification of T d dominating both X and Y , i.e. µ ∶ W → T d and a monomial function h ∶ W → W such that:
For any contracting germ f ∶ (T 2 , ∞) → (T 2 , ∞) we can hence always construct dynamical monomializations. To construct the non-compact tropical Hopf surface associated to these data, the global automorphism f tropicalizing to a tropical map equivalent to f does not need to be globally attracting (as in the automorphismf Example 3.43). It suffices to consider the action of h (∞) on a small (punctured) neighborhood of ∞.
We conclude this section with a specific example of the dynamical monomialization by an infinite number of modifications.
and η ∶ Y → T 2 be the modifications constructed in the previous section and F ∶ X → Y be a lift of F . Both modifications are along a single divisor and they are both depicted in Figure 3 . The modification η ∶ W → T 2 dominating both π and η is depicted in Figure 6 . The color coding of this map shows which faces of W are contracted to edges by the map h (here depicted in light blue) and which faces of W are not in the image of h (depicted in white).
In Figure 7 , we modify along the image by h of the contracted face (the line depicted in light blue), and the preimage of the line obtained as the intersection between the face not contained on the image of h and h(W ), obtaining a modification
. The color coding shows how also in this case we have a map h (2) which contracts a face (depicted in brown) and does not contain a face in its image (depicted in white).
We iterate this procedure, obtaining an infinite complex W (∞) and an action
, that acts as a shift on the faces of W (∞) . In this case, topologically W (∞) is a cone at ∞ over an infinite tree as in Figure 8 . The action of h (∞) restricted to the tree is given by a shift of the faces in the tree. The color coding describes the projection µ (∞) ∶ W (∞) → T 2 . Notice that there is an infinite number of faces (the red ones) projecting to a single line (given by x 2 = x 1 + b 1 − b 2 ).
Tropical Hopf data and Analytification
This section is devoted to studying the links between tropical Hopf data, tropical Hopf manifolds and the analogous objects in rigid-analytic geometry in the sense of Tate and Berkovich (see [Vos91] ). We start by recalling some basics on Berkovich and valuation spaces (see [Ber90] , [FJ04] , [Jon12] ), and their connection to tropical spaces (see [Pay09] ). We then study which
(compact) tropical Hopf data are realized by classical Hopf data (see Definition 4.3). At last, we study skeleta of rigid-analytic Hopf manifolds, and their relations to tropical Hopf manifolds.
4.1. Berkovich spaces and tropicalizations. In the following, K will denote an algebraically closed field of characteristic 0, endowed with a non-trivial rank-one valuation ν 0 , whose value group is R. Notice that the latter condition can be always achieved up to field extensions. As an example, take the field of transfinite series K = C((t R )), i.e., series of the form ∑ k∈R φ k t k , where φ k ∈ C, and the set {k ∈ R φ k ≠ 0} is well ordered, endowed with the t-adic valuation ν 0 , uniquely determined by ν 0 (t) = 1. We refer the reader back to Section 1 for the conventions and definitions regarding tropicalizations.
The analytification A d an (in the sense of Berkovich) of the affine space A d is given by the set of seminorms
It was shown in [Pay09] that the analytification of A d is homeomorphic to the limit of an inverse system of tropicalizations. Here we outline the construction we need in our setting. We refer to Payne's work for details.
For each embedding
given by:
where (y 1 , . . . , y n ) are the natural coordinates in A n . The set of affine embeddings of A d , denoted by I(A d ), forms a poset with the order relation induced by equivariant morphisms A n → A m . Define
The homeomorphism from [Pay09] is then given by,
is related to the usual tropicalization map in the following way. There is the standard inclusion
, which sends a point x ∈ A d to the semi-valuation defined by ν x (φ) = ν 0 (φ(x)) where φ ∈ K[x]. Then the following diagram commutes, k ∈ K, and k ∈ R ∪ {+∞}. Now construct a valuation ν α,r by first decomposing a polynomial P ∈ K[z] as a product of linear factors of the form z − β, for β ∈ K. We set ν α,r *
and we extend by linearity to any polynomial in K[z]. This valuation corresponds to the ball of center α and radius e −r with respect to the non-archimedean norm ⋅ 0 = e −ν0(⋅) . This representation is not unique, and in fact ν α,r = ν β,r if and only if r ≤ ν 0 (α − β).
With respect to classical notations for Berkovich lines, the valuation ν α,r is of type 1 if r = +∞, and of type 2 if r ∈ R. Notice that there are no points of type 3, since ν 0 (K * ) = R, and no points of type 4, since K is spherically complete (the intersection of any decreasing family of non-empty balls is non-empty).
We can define a partial order on V(A 1 K ) by saying that ν α,r ≤ ν β,s whenever r ≤ s and ν α,r = ν β,r . This partial order induces a structure of R-tree on V(A 1 K ), see again [FJ04] . All points of type 1 are ends of the tree, and all other points are branching points.
Given a subset S ⊂ V(A 1 K ), we denote by V(S) the convex hull of S, given by the union of all segments between elements in S.
Example 4.2. We can consider what is sometimes called the Berkovich projective line over K, denoted V(P 1 ), by adding a point ν ∞ , corresponding to the limit of ν α,r for r → −∞, for any α ∈ K. Depending on the context, this valuation will be denoted in one of the following ways ν ∞ = ν ∞,+∞ = ν α,−∞ for all α ∈ K. The definitions of the partial order, tree structure, segments and convex hulls naturally extend to this setting.
Consider the case of a finite set S ⊂ P 1 . We define the convex hull of S as the convex hull of {ν α,+∞ α ∈ S}. Then we can define a retraction r S ∶ V(P 1 ) → V(S) as follows. Let ν = ν β,t ∈ V(P 1 ), with β ∈ K and t ∈ [−∞, +∞]. Set s = max{ν 0 (β − α) α ∈ S}, where ν 0 (β − ∞) = −ν 0 (β). Then r S (ν) = ν α,s , where α ∈ S is so that ν 0 (β − α) realizes the maximum in the expression for s. Notice that r S is the identity on V(S).
Realizing compact tropical Hopf surfaces. Starting with a tropical variety X ⊂ T
n it may already be difficult to determine when it arises as the tropicalization of some variety X ⊂ A n . Here we are also asking about the realization of a map between tropicalizations X ⊂ T n and Y ⊂ T m . Recall that such a map is given by the extension of an integer affine map F ∶ R n → R m which preserves the sedentarity. One way of asking for a realization of F ∶ X → Y is to seek
Alternatively, we may begin with fixed affine embeddings so that
m , and given a tropical map F ∶ X → Y we may ask if there is a lift F of F such that
This turns out to be a more delicate question, which better corresponds to the dynamical setting.
Indeed, in the dynamical situation, we start with an automorphism F ∶ X → X of a tropical variety X ⊂ T n , where F is an integer affine mapping. In this case, we want to find an embedding
, and a lifting F ∶ A n → A n of the map f , satisfying the property that
We can think of this as an automorphism
If such a pair (i, F) exists we say that (X, F ) is realizable.
Example 4.4. We start from X ⊂ T 3 which is the hypersurface defined by the tropical polynomial u ∧ (x 1 + b) ∧ (x 2 + a), where on T 3 we consider the coordinates (x 1 , x 2 , u). In other words it is a single modification of T 2 along the function (x 1 + b) ∧ (x 2 + a). It follows that the possible
with ν 0 (γ) = b and ν 0 (δ) = a. The automorphism of T 3 defined by
leaves the space X invariant. The space X has three top dimensional faces, and one is left invariant while the other two are exchanged (the situation is similar to the one described by Figure 6 , with a 1 = b 2 = a and b 1 = b). Moreover F is a contracting automorphism. The tropical space X and the map F come from the dynamical monomialization of the tropical germ f (x 1 , x 2 ) = (a + x 1 , b + x 1 ∧ a + x 2 ). We can ask if the above tropical Hopf data (X, F ) is realizable by a Hopf data over K.
Since the map F is integer affine linear, any F such that Trop(F) = F has the form:
where ν 0 (M 1 ) = a, ν 0 (M 2 ) = 0 and ν 0 (M 3 ) = 2a. So we are seeking coefficients M i and γ, δ, so that F(i(A 2 )) = i(A 2 ). It turns out that there is not much choice. By direct computation,
whose image can be written as
This coincides with i(A 2 ) if and only if M 1 = −δM 2 . The embedding i and the map F induce an action f ∶ A 2 → A 2 given by
Hence the automorphism f of A 2 which realizes the above tropical model is of a specific conjugacy class: a linear map with eigenvalues M 1 and −M 1 .
The next proposition shows that only very specific tropical Hopf data in dimension two are realizable. The point is that if a 2-dimensional tropical Hopf data (X, F ) is realizable by a pair (i, F) there must exist curves in A 2 with periodic orbits under the action of the germ f induced by i and F. Proposition 4.5. Given a 2-dimensional Hopf data (X, F ) where X ⊂ T n and F is an invertible contracting germ. Suppose X is not homeomorphic to T 2 and that (X, F ) is realizable by a Hopf surface defined over K by the germ f . Then f is conjugate to f (x 1 , x 2 ) = (λx 1 , µx 2 ) where λ k = µ l for some k, l ∈ N * .
Proof. If (X, F ) is realizable, then the boundary of the quotient ∂S(X, F ) are tropical curves which are realized by curves in S(X, F). They correspond to f -periodic curves in A 2 . The assumption of X not being homeomorphic to T 2 assures that there are at least 3 such curves. By the Poincaré-Dulac classification of contracting germs f ∶ (A 2 , 0) → (A 2 , 0), we have
), where 0 < ν 0 (λ) ≤ ν 0 (µ) < +∞ and ε(µ − λ m ) = 0. If ε ≠ 0 there is only 1 curve in A 2 with periodic orbit under the action of f , it is defined by x 1 = 0, and it is invariant under the action of f . Similarly if λ k ≠ µ l for all positive integers k, l, there are 2 curves in A 2 periodic under the action of f . They are defined by x 1 = 0 and x 2 = 0, and again they are invariant. In either case we obtain a contradiction, which completes the proof.
From Proposition 4.5 we directly infer: We can go further and describe the tropical Hopf data (X, F ) of dimension 2 which are realizable. Recall that by Proposition 2.12, the tropical variety X is the cone over a tree T , and all 1-valent vertices of T are adjacent to unbounded edges. As an easy consequence of this theorem, we get Corollary 4.8. For any tropical Hopf data (X, F ) of dimension 2, there exists n ∈ N * so that (X, F n ) is realizable.
Before proceeding with the proof of Theorem 4.7, we need a lemma.
Lemma 4.9. If (i, F) is a realization of a 2-dimensional tropical Hopf data (X, F ), then there is another embedding i ′ and monomial map F ′ realizing a tropical Hopf data (X ′ , F ′ ) such that:
• {i ′ j = 0} are irreducible curves; • X ′ is a cone over a tree T ′ which is isomorphic to T over which X is a cone;
Proof. Consider the functions whose divisors are the irreducible components of the divisors of functions i j and the embeddingĩ ∶ A 2 → A N extending i given by also embedding along those additional functions. The tropicalizations Tĩ and T i yield isomorphic metric treesT and T . The projection map onto the first n coordinates contracts no leaves ofT . It also contracts no bounded edges since if it did there would be a vertex of T ⊂ R n−1 which is locally reducible, again contradicting the fact that X is non-singular. Now the projection of A n onto the last N − n coordinates gives an embedding i ′ satisfying that i j = 0 are irreducible curves. Also T i ′ is non-singular since it can be obtained by modification along a collection of irreducible non-singular tropical curves. By the same argument as above, since T i ′ is non-singular, the tree T ′ associated to the tropicalization of T i ′ is again isomorphic toT and hence to T . The induced actions h,h and h ′ all coincide.
Proof of Theorem 4.7. The first case is clear, since if D = 0 the only periodic curves under the action of f are H 1 = {x 1 = 0} and H 2 = {x 2 = 0}. Conversely, every diagonal tropical Hopf surface given by the data X = T 2 and F a translation is realizable. Now suppose that (X, F ) is a tropical Hopf data realized by an embedding i ∶ A 2 → A n and a monomial map F ∶ A n → A n whose action corresponds to that of a germ f with D ≥ 1. Consider the projection of X ∩ R n in the cone direction. This quotient is a tropical curve T in
The tree T is isomorphic to the compactification of this tropical curve given by adding a point at the end of each unbounded ray. The fact that X is non-singular implies that the tropical curve T is locally irreducible.
The ends of the leaves of T correspond to the tropicalization of the intersection between X = i(A 2 ) and coordinate hyperplanes {y j = 0}. They correspond to (not necessarily irreducible) curves in A 2 , given by {i j (x 1 , x 2 ) = 0}, where i = (i 1 , . . . , i n ). If the curve defined by {i j = 0} is not irreducible, each component must still be reduced otherwise the tropicalization T i would have weights, implying that X is not non-singular. Notice also that the tropicalization of any two irreducible components of {i j = 0} must be distinct curves in T n {j} otherwise again T i would have faces with weights greater than 1. By Lemma 4.9, we can assume that the curves defined by {i j = 0} are reduced and irreducible.
We now proceed with the assumption that {i j = 0} is an irreducible curve for every j = 1, . . . , n. Since i is an embedding (on a neighborhood of 0), we must have that there exists j 1 , j 2 so that (i j1 , i j2 ) give local coordinates for A 2 at 0. In Proposition 4.5, we deduced that up to conjugacy f (x 1 , x 2 ) = (λx 1 , µx 2 ), and also that there exists a minimal D ∈ N * for which λ kD = µ lD for some k, l ∈ N * coprime. The only periodic curves in A 2 for f are H 1 = {x 1 = 0}, H 2 = {x 2 = 0} and C α = {x
and K = K ∪ {∞}. Then for any j = 1, . . . , n, we have i j is equal up to constant to some P α with α ∈ K.
Notice that if we endow the coordinate x 1 with the weight l and x 2 with the weight k, then x 1 , x 2 and P α with α ∈ K * are weighted homogeneous polynomials of degree l, k and kl respectively. This weighted homogeneous structure induces the cone structure on X = T i (A 2 ). Up to rescaling the coordinates corresponding to x 1 and x 2 , i.e., up to replacing x 1 and x 2 by x k 1 and x l 2 , we may assume that all components of i are weighted homogeneous of degree kl. This does not change the structure of T as a metric tree (although it changes the metric itself, the two metrics are equivalent).
Denote by pr ∶ X → T the natural projection. Then T = pr ○ν(î(K)) and T , whereî = (î 1 , . . . ,î n ), and if i j = P α , thenî j =P α , witĥ
Let S be the set of all α ∈ P 1 so thatî j =P α for some j, and S = S ∪ {∞}. We now require the following lemma.
Lemma 4.10. The tropicalization ν 0 (î(K)) is isomorphic (as a metric tree) to the convex hull V(S).
Proof. Consider the tropicalization map ρî ∶ V(P 1 ) → T n defined in Section 4.1. We need to show that: (a) ρî(V(P 1 )) = ρî(V(S)), and (b) ρî is injective on V(S).
Let ν be an element in V(P 1 ), and consider the retraction r S ∶ V(P 1 ) → V(S), defined in Example 4.2. Then ρî(ν) = ρî(r S (ν)) for all ν ∈ V(P 1 ), and (a) is verified.
Consider now two valuations ν 1 ≠ ν 2 ∈ V(S). Then we are in one of the following situations:
• ν 1 = ν α,r and ν 2 = ν α,s , and r ≠ s ∈ [−∞, +∞]. In this case, ν 1 (z − α) = r ≠ s = ν 2 (z − α), and ρî(ν 1 ) ≠ ρî(ν 2 ).
• ν 1 = ν α,r and ν 2 = ν β,s , with α ≠ β ∈ S ∩ K, and r, s ≥ ν 0 (β − α) =∶ t. In this case ν 1 (z − α) = r, ν 2 (z − α) = t and ν 1 (z − β) = t, ν 2 (z − β) = s. The values for these two polynomials coincide for ν 1 and ν 2 if and only if r = s = t, which would imply ν 1 = ν 2 . We infer that ρî(ν 1 ) ≠ ρî(ν 2 ).
Hence (b) is satisfied, and the proof of the lemma is complete.
Proposition 4.11. The metric tree T is isomorphic to the convex hull V(S).
Proof. If ∞ ∈ S, we get S = S and we are done by Lemma 4.10. Suppose ∞ ∈ S. Set t = min{ν 0 (α−β) α, β ∈ S}, which corresponds to − log diam(S). Let I = [ν ∞ , ν α,t ], where α is any element in S. Notice that I = V(S) V(S). We want to show that pr(ρî(I)) = {pr(ρî(ν α,t ))}.
In fact, for any r ∈ [−∞, t], we have that ρî(ν α,r ) = (r, . . . , r), and its projection on T does not depend on r.
Proposition 4.11 describes the structure of the tree T . The action h induced on T by f corresponds to the action induced by f on V(P 1 ); it is given by the action of f on the curves
If D = 1, all curves are fixed, and h is the identity: we get case (b). If D ≥ 2, we get case (c). In fact, the set of fixed points I of h corresponds to the set V(S) ∩ [ν H1 , ν H2 ], where ν Hj is the curve valuation associated to H j .
This concludes the description of necessary conditions to be realizable. Notice that if h and T satisfy one of the conditions (a,b,c), then (X, f ) is clearly realizable. See Examples 4.14, 4.15, 4.16, 4.17 for explicit constructions. Example 4.13. Not all tropical Hopf data are realizable. Consider the Hopf data (X, F ) given by Example 2.6. Then (X, F ) is realizable if and only if F is the composition of a permutation σ and a translation, where σ is either the identity, or has at most two fixed points and the other periods of σ are all of the same size.
As an example, we may take n = 5 and σ = (12)(345). Notice that (X, F 2 ), (X, F 3 ), and also (X, F 6 ) are realizable. However, (X, F ) is not.
Example 4.14. Consider the germ f (x 1 , x 2 ) = (λx 1 , µx 2 ) with λ = t 2 and µ = t 3 , so that λ 3 = µ 2 . With respect to the notations used in the proof of Theorem 4.7, we have k = 3, l = 2, D = 1.
The curves which are periodic under the action of f are H 1 = {x 1 = 0}, H 2 = {x 2 = 0}, and
In fact, all of these curves are fixed by f . Consider now as an example the embedding i ∶ A 2 → A 7 given by
Set X = T i (A 2 ) the tropicalization of A 2 with respect to i. Then X is a cone over a tree, depicted in Figure 9A . Let F ∶ A 7 → A 7 be the map F(y 1 , . . . , y 7 ) = t 2 y 1 , t 3 y 2 , t 6 y 3 , t 6 y 4 , t 6 y 5 , t 6 y 6 , t 6 y 7 , and F its tropicalization. Then (X, F ) is a Hopf data, realized by (i, F). Figure 9 . Graphs over which X is the cone for a two dimensional realizable tropical Hopf data (X, F ) from Examples 4.14, 4.15, 4.16, 4.17.
Example 4.15. Consider the germ f (x 1 , x 2 ) = (λx 1 , µx 2 ) with λ = t and µ = −t 2 , so that λ 4 = µ 2 . With respect to the notations used in the proof of Theorem 4.7, we have k = 2, l = 1, D = 2. The periodic curves by f are H 1 = {x 1 = 0}, H 2 = {x 2 = 0}, and C α = {x 2 = αx 2 1 }. Notice that f (C α ) = C −α . Consider now as an example the embedding i ∶ A 2 → A 8 given by
2 ) the tropicalization of A 2 with respect to i. Then X is a cone over a tree, depicted in Figure 9B . Let F ∶ A 8 → A 8 be the map
and F its tropicalization. Then (X, F ) is a Hopf data, realized by (i, F).
Example 4.16. Consider the germ f (x 1 , x 2 ) = (λx 1 , µx 2 ) with λ = t and µ = ζt 3 , where ζ is a primitive D-root of unity, D ≥ 2. Then λ 3D = µ D , and with respect to the notations used in the proof of Theorem 4.7, we have k = 3, l = 1.
The periodic curves by f are H 1 = {x 1 = 0}, H 2 = {x 2 = 0}, and C α = {x 2 = αx
Consider now as an example the embedding i ∶ A 2 → A 1+D given by
2 ) the tropicalization of A 2 with respect to i. Then X is a cone over a tree, depicted in Figure 9C . Let F ∶ A 1+D → A 1+D be the map
Example 4.17. Similarly to Example 4.16, we consider the germ f (x 1 , x 2 ) = (λx 1 , µx 2 ) with λ = t and µ = ζt, where ζ is a primitive D-root of unity, D ≥ 2. In this case λ D = µ D , and we have k = l = 1. Consider the embedding i ∶ A 2 → A 2D , given by
where u ∈ R. The tropicalization X = T i (A 2 ) is a cone over a tree T , depicted in Figure 9D . Let F ∶ A 2D → A 2D be the map F(y 1 , . . . , y 2D ) = (ζty D , ζty 1 , . . . , ζty D−1 , ζty 2D , ζty D+1 , . . . , ζty 2D−1 ) , and F its tropicalization. Then (X, F ) is a Hopf data, realized by (i, F). Notice that the segment I = Fix(h) is a bounded segment for all u ∈ R, and reduces to a point when u = 0.
Remark 4.18. Notice that tropical Hopf manifolds that cannot be realized by primary Hopf manifolds, cannot be realized even by secondary ones. Secondary Hopf manifolds are obtained by considering the quotient of A d {0} by the cocompact, free and properly discontinuous action of a group G. Assume we have an embedding i ∶ A d → A n , and that the action of G extends to an action on A n that leaves X = i(A d ) invariant. By a theorem of Kodaira's, G contains a x 1 }, {x 3 + 1 = x 2 } and {x 1 = x 2 }. Notice that the direction of the intersection between the last 3 planes is (1, 1, 1), which is not tangent to the first plane. It follows that X is not a cone, and consequently W (∞) is not a cone.
Remark 4.22. By Poincaré-Dulac theorem, we know that any contracting automorphism is analytically conjugated to a germ f ∶ (A d , 0) → (A d , 0) in Poincaré-Dulac normal form. These normal forms are triangular, in the sense that the k-th coordinate of f only depends on the first k coordinates. In particular, f defines a global automorphism, and f −1 is also triangular. Denote by λ 1 , . . . , λ d the eigenvalues of the linear part of f , and set
This is a vector space of dimension ≥ 1 containing a vector a ∈ N d . Then it is easy to check that every divisor of f k contains the line generated by a for any a ∈ V . It follows that W (∞) has a cone structure whenever f is the tropicalization of a Poincaré-Dulac normal form.
4.3.
Connections to rigid analytic Hopf manifolds. Here we make a link between tropical Hopf surfaces and non-Archimedean Hopf surfaces which were studied in [Vos91] .
can be connected to tropicalizations as follows. Given
Then it is easily shown that the following diagram commutes even if F is not equivariant with respect to the natural action of (K * ) n ,
In cases of particularly nice tropicalizations, the maps ρ i , ρ j admit sections
denote the multiplicity of the tropicalization T i at x (see Definition 1.5). The following theorem is phrased in order to apply it to non-singular tropical varieties described in Definition 1.2. In general, the conditions of the intersection of the tropicalization with the boundary strata are weaker. 
:
When we have such sections, we can consider the action induced by f * on s i (T i (A d )). In general however, f * does not define a dynamical system on Proof. Suppose that the map F is equivariant, and let F = Trop(F). We can write F(x 1 , . . . , Proof of Theorem E. If f is a diagonalizable contracting automorphism, we take coordinates (x 1 , x 2 ) so that f is a diagonal linear map on such coordinates. By applying Proposition 4.24 to the trivial embedding id ∶ A 2 → A 2 , we get a section s ∶ T 2 → V(A 2 ). The map r = s ○ ρ ∶ V(A 2 ) → s(T 2 ) is then a retraction, that induces a retraction on the level of Hopf surfaces.
If f is a resonant contracting automorphism, we take coordinates so that f is in Poincaré-Dulac normal form f (x 1 , x 2 ) = (λx 1 , λ m x 2 + εx m 1 ) with ε ≠ 0. Its tropicalization f (x 1 , x 2 ) = λ + x 1 , (mλ + x 2 ) ∧ (ε + mx 1 ) satisfies the hypotheses of Corollary 3.37, so there exists a modification π ∶ X → T 2 , and an automorphism F ∶ T 3 → T 3 so that f ○ π = π ○ F on St(π) = {u 1 = (mλ + x 2 ) ∧ (ε + mx 1 )}. Notice that all points in X have multiplicity 1. Explicitly, F (x 1 , x 2 , u 1 ) = (x 1 + λ, u 1 , x 2 + mλ).
By Theorem D, a resonant germ f does not realize any tropical Hopf data. This corresponds to the fact that for any choice of F tropicalizing to F , and of an embedding i(x 1 , x 2 ) = (x 1 , x 2 , x 2 − αx m 1 ) with α ∈ K * , ν 0 (α) = ε − mλ, we have that F ○ i(A 2 ) is not contained in i(A 2 ). In fact, for any n ∈ Z, we get Denote by (x, y −n , . . . , y n ) the coordinates of A × A 2n+1 . For any n ≥ n ′ , there are natural projections pr n,n ′ ∶ A × A 2n+1 → A × A 2n ′ +1 so that i n ′ = pr n,n ′ ○i n . We may consider the inverse limit i ∞ ∶ A 2 → A×A Z . If (x, y n ) n∈Z are coordinates of A×A Z , then i ∞ is defined by x○i ∞ (x 1 , x 2 ) = x 1 , and y n ○ i ∞ (x 1 , x 2 ) = x 2 − nελ −m x m 1 for all n ∈ Z. The map F ∞ ∶ A × A Z → A × A Z given by x ○ F ∞ = λx and y n ○ F ∞ = λ m y n+1 , satisfies i ∞ ○ f = F ∞ ○ i ∞ . Consider X ∞ = T i∞ (A 2 ), and let ρ ∞ ∶ V(A 2 ) → X ∞ be the tropicalization obtained as the inverse limit of the ρ n = ρ in for n → ∞. Since all X n = T in (A 2 ) are regular (all points have multiplicity 1), by Theorem 4.23, ρ n admits a section s n ∶ X n → V(A 2 ). Its inverse limit s ∞ ∶ X ∞ → V(A 2 ) is a section of ρ ∞ . Again, the map r ∞ = s ∞ ○ ρ ∞ ∶ V(A 2 ) → s ∞ (X ∞ ) is then a retraction. We clearly have s ∞ ○ F ∞ = f * ○ s ∞ , where F ∞ is the tropicalization of F ∞ . It follows that r ∞ induces a retraction from the Hopf surface associated to f to the non-compact tropical Hopf surface induced by (X ∞ , F ∞ ).
Remark 4.25. The same argument used in the proof of Theorem E can be used to study connections between analytic and tropical Hopf surfaces in other situations. For example, if f is diagonalizable, Theorem 4.7 gives a list of tropical Hopf data (X, F ) that are realizable by f . If X has multiplicity 1, we can use Theorem 4.23 to construct a continuous section s ∶ X → V(A 2 ), and conclude as above that the Hopf surface associated to f contracts to the image of the section s(X).
Remark 4.26. Theorem 4.23 and Proposition 4.24 hold in all dimensions. To apply them and obtain a retraction of the analytifications of Hopf manifolds to tropical manifolds in higher dimension, some difficulties arise.
• As noticed in Example 3.41, there could be no (compact) tropical Hopf data attached to a contracting resonant germ f in dimension ≥ 3. This problem can be solved by considering non-compact tropical Hopf data, which always exists, since Poincaré-Dulac normal forms are global automorphisms (see Remark 4.22).
• Even if we can find a dynamical monomialization of a tropicalization f of a germ f , we could end up with a tropical space X where not all points have multiplicity 1 (see Example 3.33). This provides added interest to resolving tropicalizations of multiplicity greater than 1 by further modifications, as in [CM14] .
Geometry of tropical Hopf manifolds
We finish by discussing the geometry and topology of tropical Hopf manifolds and a comparison to their classical counterparts. Firstly, the topology of a tropical Hopf manifold S(X, F ) depends on both X and F , however, it is clear that we have the following: Example 5.2. Let U 1 , U 2 be an open cover of T 2 {∞} given by U 1 = {(x 1 , x 2 ) x 2 < x 1 + 1} and U 2 = {(x 1 , x 2 x 2 > x 1 − 1}.
Then O * (U 1 ) = {a + kx 2 a ∈ R and k ∈ Z} and O * (U 2 ) = {a + kx 1 a ∈ R and k ∈ Z} O * (U 1 ∩ U 2 ) = {a + kx 1 + lx 2 a ∈ R and k, l ∈ Z}. S can be pulled back to a 1-cocycleτ on T d {∞} in the standard way. To do this, let us suppose that τ is defined on the covering {U α } of S and the value on U α ∩ U β is τ αβ . This covering induces a covering {Ũ α } of T d {∞}, whereŨ α = pr −1 (U α ) for all α. Then the value ofτ onŨ α ∩Ũ β ≠ ∅ isτ αβ = τ αβ ○ pr.
The 1-cocycleτ is a coboundary since all bundles on T n {∞} are trivial. Hence there exists a function T ∶ T d {∞} → T d {∞} so that δT =τ . The map T is determined up to additive constant, and is unique if we impose T (0, . . . , 0) = 0. We now define the map l from 1-cocycles to R, as l(τ ) = T (F (x)) − T (x) for any x ∈ T d {∞}. Since τ is a 1-cocycle in S, its liftτ is invariant by F , henceτ = δT = δ(T ○ F ), and T and T ○ F differ by a constant, hence l(τ ) does not depend on x, nor on the choice of T . is the natural projection. In particular F p (τ I ) = 0 and ρ p (I ′ , I) = 0 whenever I > d − p. See Figure 11B for multi-tangent spaces in dimension d = 2.
For p = 0, we have H 0,q (S) ≅ H q (S, R). Since S is homotopically equivalent to S 1 (see Proposition 5.1), we get H 0,q (S) ≅ R for q = 0, 1, and it is null otherwise. Remark 5.7. Tropical homology groups remain invariant under modifications of non-singular tropical manifolds, see [Sha] . Therefore the statement in Proposition 5.5 remains valid for Hopf data which are modifications of a diagonal Hopf data. We expect that taking finite quotients also does not effect the above calculation, which would imply that all tropical Hopf manifolds have the same tropical Betti numbers. 
